Representations of Quantum Groups U ε (g n ), g n any semi simple Lie algebra of rank n, are constructed from arbitrary representations of rank n − 1 quantum groups for ε a root of unity. Representations which have the maximal dimension and number of free parameters for irreducible representations arise as special cases.
1.) Introduction
Deformations of semi simple Lie algebras [18, 19] appear as a common algebraic structure in the field of low dimensional integrable systems. In many cases the deformation parameter is an N-th root of unity, where N can correspond e.g. to the number of states per site or to the lattice size in a two dimensional model. We will denote the deformation parameter by ε, if the parameter is an N-th root of unity (N the smallest integer such that ε N = 1)
and by q in the general case.
The theories of chiral Potts [4, 5] type models, which saw dramatic developments in recent years [6, 7, 8, 12, 24] , are closely tied to the representation theory of the quantum group U ε (sl(n, C)) in the case of ε being an N-th root of unity. The progress in the theories of chiral Potts models was partly stimulated by the better understanding of its deep connection to the representation theory of quantum groups.
The representation theory in the case of ε an N-th root of unity is much richer than for generic q, and several deep results by De Concini, Kac, Procesi [15, 17, 16] and Lusztig [20, 21, 22, 23] exist, laying the foundations of the general representation theory in the roots of unity case. Also considerable progress has been made in directly constructing representations of quantum groups U ε (g n ). Accelerated by the development of chiral Potts type models, much interest was devoted to find non-highest weight representations of U ε (g n ) [25, 1, 2, 3, 9, 10, 11] . Finite dimensional non-highest weight representations, which do not exist in the representations theory of U q (g n ), are a new interesting feature of the representation theory in the roots of unity case.
Non-highest representations of minimal dimension play a role similar to that played by fundamental representations of Lie algebras [10] . The free parameters which are characteristic of non-highest weight representations appear in the form of spectral parameters in chiral Potts type models.
In this article we will show, that starting from an arbitrary representation of U ε (g n−1 ) one can construct a representation of U ε (g n ). The Lie algebras g n and g n−1 will usually, but not always lie in the same series of Lie algebras.
De Concini, Kac [15] showed that the maximal dimension and number of parameters for representations of U ε (g n ) for odd N is given by N and dimg n , respectively. In this expression ∆ + (g n ) (= 1/2(dimg n − n)) is the number of positive roots of the Lie algebra g n . We use here and in the following the term dimension of a representation to denote the dimension of its representation space. The representations which will be constructed in this article, are of dimension greater than or equal to
For ε-deformations in the case of the A n , B n , C n and D n series such representations will be given in Section 3. The exceptional E 6 , E 7 , E 8 , F 4 and G 2 cases of quantum groups are discussed in Section 4. The number of free parameters in all constructed representations is greater than or equal to
Representations of maximal dimension and number of free parameters arise as special cases for odd N and are discussed in section 5. These representations coincide with the maximal cyclic representations of Date et al. [13] in the A n case, and with the representations of [26] in the B n , C n and D n cases. Conclusions are given in section 6 and in the appendix two relations which are important for the construction of representations in the case of U q (E 8 ) and U q (F 4 ) are written down explicitly.
2.) Definition of
In this article we will use the definition of quantum groups given by the relations among its Chevalley generators. The quantized universal enveloping algebra U q (g n ) of a semi simple Lie algebra g n of rank n is generated by 4n Chevalley generators {e i , f i , t
±1
i } which satisfy the commutation relations
and the Serre relations
The matrix a ij is the Cartan matrix of the Lie algebra g n , d i non-zero integers
and the curly bracket is defined by {x} q = (x − x −1 )/(q − q −1 ). Further, we extend the algebra by adding the elements t
In case we specialize q to be a primitive N-th root of unity the letter ε is used instead (ε N = 1).
We will not make use of the Hopf algebra structure of U q (g n ).
Some of the results in this article are most conveniently given in terms of Weyl algebra generators. The Weyl algebra W is defined by the commutation relation among its two generators x, z xz = qzx .
We denote byW a copy of this algebra with generatorsx,z.
In the roots of unity case one can define a N dimensional representation σ gh : W → End(C N ) of W , depending on the two parameters g, h, by
We will retain the notation σ gh also for representations of tensor products of Weyl algebras W . In this cases the letters g, h denote the set of parameters g := {g 1 , . . . , g l } and h := {h 1 , . . . , h l }, with l the number of W algebras in
3.) The A n , B n , C n and D n series
In this section we want to demonstrate how one can construct, starting from an arbitrary representation of a quantum group U q (g n−1 ) a representation of U q (g n ), in the cases of the A n , B n , C n and D n series of quantum groups.
The next section will be devoted to the more complicated case of exceptional quantum groups. As a first step we investigate the algebraŪ q (g n−1 ) which is defined as the algebra given by U q (g n ) generators
and
which satisfy the defining relations (1,2). Representations of algebrasŪ q (g n−1 ) arise immedently from representations of U q (g n−1 ), and in turn representations of U q (g n ) itself will be defined in terms ofŪ q (g n−1 ) representations. This will be discussed in the following.
The Cartan matrices in the B n and C n correspond to Dynkin diagrams with the first root being the shortest or longest root, respectively. For the D n case we fix the notation in a way such that the Dynkin diagram nodes 1 and 2 are both connected with node 3. The integers d i = 1 for 2 ≤ i ≤ n in all cases and d 1 = 1, 1/2, 2, 1 in the A n , B n , C n and D n series, respectively.
andρ(E n ) = 0. The action of the algebra homomorphismρ on the generators
depends on the complex parameters λ n and is defined bȳ
The above algebra homomorphismρ can be extended to define representations of the quantum group U q (g n ). The above lemma, together with the theorem below shows how any representation of U q (g n−1 ) gives rise to a representation of U q (g n ) in the A n , B n , C n and D n series.
Theorem 0.2 The following formulas define algebra homomorphisms ρ from the quantum groups
defines an algebra homomorphism in the roots of unity case.
In these formulas expressions of type x i ⊗ F j were abbreviated writing x i F j .
Further, we set F 0 = 0 and x
TakingŪ ε (g n−1 ) in an arbitrary representationρ ′ , then the algebra ho-
times the dimension ofρ ′ . The number of free parameters in π ′ becomes
) plus the number of free parameters inρ ′ .
This theorem can be proven by directly verifying the defining relations of the algebras. We omit the details of these calculations.
Remark 0.3 Representations with dimensions equal to N ∆ + (gn)−∆ + (g n−1 ) and
) free parameters are obtained by taking the trivial
to defineρ in lemma 0.1. In the case of U ε (A n ) the resulting representations π ′ are minimal cyclic representations [1, 2, 9, 10, 12] . Further representations
were discussed in the quantum SO(5) case in [2] and for quantum SO(8) in [11] .
Remark 0.4 The algebra homomorphism π defined above for the A n series is cyclic in the sense that the Chevalley operators in the algebra homomorphism π to the power of N are non-vanishing scalars for generic values of parameters. The explicit expressions are given in the following formulas.
These formulas also show that restricted representations (
can be derived from the cyclic representation by specializing some or all of the free parameters. Cyclic and semi-cyclic representations of U ε (A n ) in dimensions higher than the minimal dimensions were discussed in [1, 14] .
Theorem 0.2 allows to construct a representation of U q (g n ) from representations of smaller rank quantum groups U q (g n−1 ) with g n and g n−1 being Lie algebras of the same series. To show that they need not to be necessarily from the same series we present as an example how a representation of U q (C 3 ) follows from a representation of U q (A 2 ). We defineŪ ′ q (A 2 ) to be the algebra given by the generators E i , T ±1 i , (i = 1, 2, 3) and F 2 , F 3 of a U q (C 3 ) algebra. Similarly to 0.1 one can give an algebra homomorphismρ fromŪ
and the other generators equal to U q (A 2 ) generators.
Example 0.5 The map ρ :
given below, defines an algebra homomorphism. The composition π := (σ gh ⊗ id) · ρ gives an algebra homomorphism in the roots of unity case. TakingŪ ρ(f 1 ) = {z
.) The exceptional E 6 , E 7 , E 8 , F 4 and G 2 quantum groups So far we did not describe the actual construction method which leads to the algebra homomorphisms which were given in the previous section. The procedure will be outlined in the following in the cases of the exceptional quantum Lie algebras and the A n case will appear as an example.
The construction method is based on a set of relations in U q (g n ). The relations needed the derive algebra homomorphisms of quantum Lie algebras in the E 6 , E 7 , E 8 and F 4 cases are given in the following. We denote divided powers of
Relations 0.6 In U q (g n ) we have the commutation relations (compare [13, 26] )
relation in lemma 0.14, appendix (used only in the E 8 case)
(viii) relation in lemma 0.15, appendix (used only in the F 4 case)
We will use the above relations to commute single generators f i , e i and t i through monomials of l factors of type
(l = ∆ + (g n ) − ∆ + (g n−1 )). We say a generator f i , e i or t i commutes with such a monomial if the multiplication of the generator on the monomial from the left gives a sum over monomials of the same type multiplied by a single or none generator from the right. In this sense we say that f i commutes with the monomial f
according to relation (iii) in 0.6, if a ik = a ki = −1.
One can find monomials with l factors for all quantum Lie algebras U q (g n ) which commute with all of its generators. Moreover, the relations 0.6 will be sufficient to commute the generators of
with monomials in the corresponding algebras. The U q (G 2 ) case will be treated separately.
Commuting a generator s ∈ {f i , e i , t i } with a monomial of type (4) using exclusively the relations 0.6 we denote by rel(sf
). To apply relations 0.6 in this way will be the first step in a construction procedure which leads to representations of U q (g n ) in the exceptional cases.
The second step introduces the Weyl algebra generators. We shall give a rule Ω which applies on expressions of the following type
wherein the integer quantities j 1 , · · · , j l are regarded as "free variables" and
The factor s is either 1 or a single U q (g n ) generator 
If
are generators of a second U q (g n ) algebra, and will generate in the coming examples the algebrasŪ q (g n−1 ).
To illustrate the working of the above two steps in the construction procedure of an algebra homomorphism we consider the A n case of section 3.
Example 0.7 The expressions for the algebra homomorphism ρ from U q (A n ) to W 1 ⊗ · · · ⊗ W n ⊗Ū q (A n−1 ) in theorem 0.2 can be constructed in a unique way using relations 0.6 and Ω. If one defines y to be
then the formula for ρ(f i ) in theorem 0.2, a.) is given by Ω(rel(f i y)), using relations (vi, ii) in 0.6 and (6). Similarly, one obtains ρ(e i ) = Ω(rel(e i y)) and ρ(t i ) = Ω(rel(t i y)), using the relations (iv, v, vi) in 0.6 and (6). The monomial y which is used to construct the algebra homomorphism ρ in the
and a similar monomial
is used to derive the algebra homomorphism in the U q (D n ) case.
We start the investigation of the exceptional quantum Lie algebras with the U q (E 6 ), U q (E 7 ), U q (E 8 ) cases and define the following numbering of the nodes in the corresponding Dynkin diagrams The integers d i are equal to 1 for all i. Let us introduce the algebraŪ
. Similarly, one can defineŪ q (E 6 ) as
Algebra homomorphismρ in case of these algebras arise analogously as in lemma 0.1 by takinḡ
respectively.
Let us abbreviate monomials of generators in U q (g n ) of type
ii±l . Using this notation we define the following monomials in U q (E 6 ), U q (E 7 ) and U q (E 8 )
Similar to example 0.7 one can obtain the expressions for algebra homomorphisms in the case of U ε (E 6 ), U ε (E 7 ) and U ε (E 8 ) by using relations 0.6
and Ω.
Theorem 0.8 The following expressions define an algebra homomorphism ρ in the case of the quantum groups U q (E 6 ), U q (E 7 ) and U q (E 8 ). The composition π := (σ gh ⊗ id) · ρ defines an algebra homomorphisms in the roots of unity case. The mappings ρ are defined by
, ∀i, and n = 6, 7, 8 The integers d i are defined as
. Similarly to lemma 0.1 one can give an algebra homomorphismρ in the case ofŪ ′ q (B 3 ) starting from U q (B 3 ) and definingρ(T 4 ) = q
. Using of the relations 0.6 and the operation Ω in the U ε (F 4 ) case, one can again define the algebra homomorphism in a short way. Let y 4 denote the monomial
31 .
Theorem 0.9 The following expressions define an algebra homomorphism
) in a unique way and by composition with σ gh an algebra homomorphism in the roots of unity case. 
2 . In analogy to lemma 0.1 one can easily give a corresponding algebra homomorphismρ, starting from U ′ q (A 1 ) and takingρ(T 2 ) = q
Theorem 0.10 The following formulas define an algebra homomorphism ρ
and by composition with σ gh an algebra homomorphism π := (σ gh ⊗ id) · ρ in the roots of unity case. 
5.) Representations of maximal dimensions
The representations constructed in section 3 and 4 depend on the arbitrary representationsρ ′ of the correspondingŪ ε (g n−1 ) algebras. In this section we want to show how a natural choice of this representation ofŪ ε (g n−1 ) leads to representations of U ε (g n ), which have maximal dimensions and number of parameters for odd N.
Irreducible representations of quantum groups U ε (g n ) in the roots of unity case exist only in dimensions smaller than or equal to N ∆ + (gn) and the number of free parameters is maximally dim(g n ), for odd N [15] . The simplest representation of this type is the non-highest weight representation π ′ := σ gh · ρ of U ε (A 1 ) which is defined in terms of Weyl algebra generators by
Representation π ′ has dimension N and the map σ gh together with the complex parameter λ 1 gives rise to the 3 free parameters of the representation.
Starting from this representation one can step by step construct representations of higher rank Lie algebras, using inductively representationsρ of Ū ε (g n−1 ) and representations π ′ of U ε (g n ). A representation of U ε (g n ) obtained in this way will have 2∆ + (g n ) number of free parameters induced by the free parameters of the mappings σ gh and in addition n parameters λ i coming from the definition ofρ (see e.g. lemma 0.1). Also, the dimension of such a representation is induced by the map σ gh and adds up to N ∆ + (gn) .
This gives rise to the following theorem. Remark 0.12 In the case of U ε (A n ) one obtains the maximal cyclic representations of [13] . In [13] it is also proven, that this representation is generically irreducible. In the case of quantum SO(5) irreducible representations of maximal dimension were obtained in [3] . For the general B n , C n and D n series the representations of maximal dimension of theorem 0.11 coincide with those in [26] , for which the irreducibility for odd N was established in the simplest examples.
Remark 0.13 The construction of algebra homomorphisms and representations for U q (g n ) was based on the action of the generators e i , f i , t
). Such monomials were defined e.g. in example 0.7 and in (7). Adjoining these monomials according to the inductive procedure of theorem 0.11 gives monomials f (j 1 )
In all cases of quantum Lie algebras discussed above the ordering in these monomials corresponds to the ordering of simple reflexions in a longest element in the Weyl group of g n .
6.) Conclusions
Starting from an arbitrary representations of U q (A 1 ) one can construct representations for all higher rank semi simple Lie algebras by "adding" the ad- The minimal and maximal cyclic representations of U ε (A n ), which are both special cases of the above described representations are basic algebraic structures related to the generalizations of the chiral Potts model in [7, 13, 24] . The next step is to find statistical models related to representations of the other ε-deformed Lie algebras g n discussed above. In analogy to the U q (sl n ) case one would expect that starting from the affine extension of an ε-deformation of an arbitrary semi simple Lie algebra g n one could find algebraic varieties which determine relations among the spectral parameters to allow the existence and the construction of the intertwining R-matrix of two representations. This article is meant to be a small contribution to the research going in this direction.
But applications of roots of unity representations are not restricted to chiral Potts type models. Many further applications are found to lie in the development of other integrable models, conformal field theory (e.g. fusion rules), and areas in mathematics such as the representation theory of affine Lie algebras or the theory of semi-simple groups over fields of positive characteristic.
